Application of sufficiently strong electric fields to insulators induces finite currents and then the insulators become metallic. This phenomenon is called dielectric breakdown and known as a fundamental nonequilibrium and nonlinear transport phenomenon in solids. Here, we study the dielectric breakdown of generic strongly correlated insulators in one dimension. Combining bosonization techniques with a theory of quantum tunneling, we develop an effective field-theoretical description of dielectric breakdown with a non-Hermitian sine-Gordon theory. Then, we derive an analytic formula of the threshold field which is a many-body generalization of the Landau-Zener formula. Importantly, we point out that the threshold field contains a previously overlooked factor originating from charges of elementary excitations, which should be significant when a system has fractionalized excitations. We apply our results to integrable lattice models and confirm that our formula is valid in a broad range including the weak coupling regime, indicating its wide and potential applicability. Our results unveil universal aspects in nonlinear and nonequilibrium transport phenomena for various strongly correlated insulators.
Introduction.-It is an important subject in condensed matter physics and statistical physics to understand nonlinear quantum transport phenomena that cannot be described by linear response theory [1, 2] . One of the typical nonlinear transport phenomena is dielectric breakdown. Applying sufficiently strong electric fields makes insulators conductive and induces finite currents. For band insulators, it is known as Zener breakdown and well-understood [3] . In contrast, the investigation of the dielectric breakdown in strongly correlated insulators has been started in relatively recent years [4, 5] and gathering great attention [6] [7] [8] [9] [10] [11] [12] . However, most of the previous studies are limited to specific examples, mainly fermionic Mott insulators. While dielectric breakdowns of other strongly correlated insulators, such as chargedensity-wave (CDW) insulators, bosonic Mott insulators, and Kondo insulators, have been also experimentally relevant, universal properties common in the breakdown phenomena have not been understood [13] [14] [15] [16] [17] . This is because it is hard to treat nonequilibrium dynamics and many-body problems simultaneously and thus theoretical approaches are mostly limited to numerical calculations.
In this Letter, we present an analytic approach to resolve this problem. We investigate the dielectric breakdown of generic strongly correlated insulators in one dimension. The setup is schematically shown in Fig. 1 (a) . Utilizing a quantum tunneling theory [18, 19] and bosonization techniques [20] , we derive an effective field theory which describes the dielectric breakdown phenomena in strongly correlated insulators. This effective field theory is a non-Hermitian sine-Gordon theory including an imaginary vector potential. On the basis of * takasan@berkeley.edu this theory, we derive an analytic formula of the threshold electric field, which is the most important quantity characterizing the dielectric breakdown. This formula can be interpreted as a many-body generalization of the famous Landau-Zener formula [3, 21, 22] . Remarkably, our formula suggests that fractionalization in elementary excitations has significant effects on the threshold field, which cannot be captured by the original LandauZener formula. Since the derivation is based on an effective field theory, our formula is universally applicable to generic one-dimensional insulators. Furthermore, to clarify the validity of our effective field theory, we apply the results to several solvable lattice models. We find that our formula shows good agreement with microscopic calculations in a wide range including the weak coupling regime, indicating its wide and potential applicability.
This study establishes a field-theoretical description and reveals the universal properties of the dielectric breakdown phenomena in one-dimensional strongly correlated insulators. In addition, our formula should be useful for understanding experiments related to the di-electric breakdown in strongly correlated insulators beyond simple fermionic Mott insulators.
Dielectric breakdown and a threshold field.-The most important signature of dielectric breakdown is a threshold behavior that appears in the current-voltage relation (I-V characteristic) shown in Fig. 1 (b) . Above the threshold electric field E th = V th /L (L is the length of an insulator), a finite current I appears and then the system becomes metallic. This phenomenon is characterized by the threshold field E th . Indeed, the nonlinear component of the current can be described as I ∼ E exp(−πE th /E) [11] . In this study, we focus on the threshold strength of applied fields F th = eE th where e(> 0) is the elementary charge. Our main result is a universal formula of this threshold field F th [Eq. (7)] which is applicable to generic one-dimensional insulators.
Model and methods.-To investigate stronglycorrelated insulators, we start from a generic onedimensional lattice model subject to a DC electric field,
Here the electric field E is included in the time-dependent vector potential A(t) = −F t with F = eE and a denotes a lattice constant. c † iα (c iα ) denotes a creation (annihilation) operator of a particle at the i-th site with some internal degrees of freedom, e.g. spins or orbitals, denoted by α. For later convenience, we introduce a timedependent basis |φ n (t) which satisfies H(t) |φ n (t) = E n (t) |φ n (t) (n = 0, 1, 2, · · · ), where |φ 0(n) (t) corresponds to the ground (n-th excited) state [23] . We assume that the interaction term V int makes the system fully gapped, i.e.∆(t) ≡ E 1 (t) − E 0 (t) > 0 for all t ∈ R, and insulating at zero temperature.
The real-time dynamics in this model is described by the Schrödinger equation i d dt |ψ(t) = H(t) |ψ(t) with the initial state |ψ(0) = |φ 0 (0) . In this time evolution, the strong electric field induces excitations from the ground state |φ 0 (t) to the excited states |φ n (t) (n > 0) which can carry finite currents. This transition occurs repeatedly with the time period T = 2π/(F L) and thus the survival probability of the ground state
where p is a transition probability from the ground state to the first excited state since this process is most dominant [24] . With increasing the field strength F , the probability p starts growing up abruptly at the threshold field F th like the current I shown in the Fig. 1 (b) and the system is easily driven to the current-carrying states. This behavior corresponds to the breakdown phenomena. For convenience, we rewrite the probability as p = exp(−πF th /F ). This formula gives the definition of the threshold field F th which has been already adopted in the previous studies for fermionic Mott insulators [6] [7] [8] 11] . To calculate the probability p, we use DykhneDavis-Pechukas (DDP) formula [18, 19] , which gives nonadiabatic tunneling probability approximately for generic two-level quantum systems [25, 26] . It has been already applied to breakdown phenomena in several quantum many-body systems [8, 11, [27] [28] [29] in good agreement with other numerical approaches [8, 11] . Based on the DDP formula, the tunneling probability to the first excited state is given as p = exp −2Im tc 0∆
(t)dt , where t c is a critical time, defined by∆(t c ) = 0, which takes a complex value since∆(t) > 0 for any real t. Changing the variable from the time t to the vector potential A = −F t, we obtain F th = (2/π)Im Ac 0 ∆(A)dA, where ∆(A) ≡∆(t = A/F ) and A c = −F t c . Since t c is complex, A c also becomes complex, i.e. A c = ih c + c (h c and c are real). In a sufficiently large system with an energy gap, the dependence of the energy on the real part of a vector potential is negligible [8, 30] and thus the threshold field is rewritten as
Below we evaluate this formula (2) Effective field theory for dielectric breakdown.-To obtain the threshold field, we must calculate the energy gap of the non-Hermitian model. However, except for integrable models, it is difficult to analyze generic interacting models. To overcome this difficulty, we derive an effective field theory that describes the low-energy behavior of the non-Hermitian system. Although the full nonequilibrium dynamics may not be described with the effective field theory, the threshold field (2) is determined from the low-energy part of the system and thus allows a field-theoretical description, as shown below. In onedimensional systems, bosonization techniques provide a systematic framework for the derivation of effective field theories [20, 34] . Following the standard procedure of the bosonization [35], we obtain an action S[φ] of the effective field theory as
which is a non-Hermitian sine-Gordon theory. Here, φ is a bosonic field which describes the density fluctuations, related to the density of electrons as
v is the velocity of collective charge excitations, and K is the Luttinger parameter. In this theory, the hopping term in Eq. (1) is represented by the free-boson part with an imaginary vector potential. The interaction term in Eq. (1) leads to the cosine term in Eq. (3), which pins the bosonic field to its potential minimum and opens an energy gap of the insulator. The parameters v, K, g are generally renormalized due to the interaction effect, whereas β is fixed in each lattice model (1) . The partition function at zero temperature is defined as Z = Dφe −S[φ] using the above action, where the integral over the imaginary time τ is performed from 0 to ∞. Since we consider a sufficiently large system, the integration range along the x-direction is taken from 0 to ∞ in the thermodynamic limit.
Derivation of the formula.-From Eq. (2), we can see that there are two tasks for deriving the threshold field: (i) One is to find the critical value h c and (ii) the other is to find Re∆(ih) which is the change in the real part of the energy gap as a function of imaginary vector potential. After completing them, we can obtain the analytic form of the threshold field following from the formula (2).
First, we calculate the critical value h c . To this end, we perform a space-(imaginary-)time transposition, i.e. (x,τ ) = (vτ, x/v), on the action (3). Introducing a new field asφ(x,τ ) ≡ φ(vτ ,x/v), we obtain the action for φ(x,τ ). With redefining φ(x, τ ) =φ(x,τ ), this action takes the same form as the original action with the following replacement
Remarkably, this model is regarded as a model of static insulators with doping represented by the chemical potential µ = vh because the bosonized form of the chemical potential term is given as −µ dxdτ ρ(x, τ ) = µ π dxdτ ∂ x φ(x, τ ) [20] . Since the space-time transposition does not change the partition function Z, the models before and after the transformation exhibit common critical properties and show the same metal-insulator transitions with changing h or µ respectively. To obtain the critical value, we rewrite the term −(vh/π) dx∂ x φ as −(2vh/β)Q top where Q top ≡ β/(2π) dx∂ x φ is the topological charge of the excitations in the sine-Gordon theory. Because the elementary excitation in the sineGordon theory is given by a (anti-)soliton with mass M and topological charge +1 (−1) [36], the excitation becomes gapless when 2vh/β reaches M . Thus, the critical point is given as h c = βM/(2v). Using the energy gap ∆ 0 = 2M which is an energy cost to create a pair of soliton and anti-soliton, we obtain
where −e * ≡ −2e/β is the elementary physical (not topological) charge of a soliton excitation [37] . We give two remarks on this result. One is that, when φ is a field for the charge sector in a spinful model (e.g. Fermi-Hubbard model), the formula (5) is still hold, but the definition of e * is modified as e * = 2 √ 2e/β [37] because the vector potential is introduced as √ 2h/π dτ dx(∂ τ φ) in Eq. (3) in the case of the charge sector. The second is that this result gives a proof of a conjecture proposed by Nakamura and Hatano [38] , which states that the correlation length ξ in a gapped many-body quantum system is related to h c as h c = n/ξ where n is a constant [39] . Since the correlation length is given by 1/ξ = ∆ 0 /(2v), we read off n = e/e * from Eq. (5).
Before proceeding to the next task, we comment on this mapping from the asymmetric hopping model to the doped static insulator. This suggests that the dielectric breakdown has a dual theoretical description with an insulator-to-metal transition induced by doping. This is quite nontrivial because this mapping relates seemingly different kinds of metal-insulator transitions, one of which occurs in nonequilibrium, and the other occurs in equilibrium. Furthermore, it is also surprising that this mapping reduces the non-Hermitian problem to the Hermitian one. This reduction is closely related to the time-reversal symmetry of the original Hamiltonian [Eq. (1) with e ±iaA → e ∓ah ]. This Hamiltonian is a non-Hermitian but real matrix and thus its eigenvalues must appear as complex-conjugate pairs. Therefore, the partition function Z is real and the existence of the corresponding Hermitian model is allowed.
Next, we work on the second task (ii). As we mentioned, elementary excitations in the sine-Gordon theory are a soliton and an anti-soliton and the dielectric breakdown in the sine-Gordon model corresponds to a pair creation of soliton and anti-soliton. Therefore, the energy gap between the ground state and the firstexcited state is written as ∆(θ) = E s (θ) + Es(θ) where E s(s) (θ) is the energy dispersion of soliton (anti-soliton) with its rapidity θ and already known in integrable field theories [36]. This energy dispersion E s(s) (p) is a relativistic one given as the energy E s(s) (θ) = M cosh θ and the momentum p(θ) = (M/v) sinh θ. Therefore, we reach ∆(ih) = 2M cosh θ(h) and then we need the rapidity of the soliton under an imaginary vector potential A = ih. For this purpose, we consider a wave function of a single soliton ϕ θ (x) ∝ exp[−ip(θ)x]. Because the vector potential can be rewritten as the twisted boundary condition with an imaginary twist angle, the effect of the imaginary vector potential is represented as ϕ θ (L) = exp[−e * Lh/e]ϕ θ (0). Therefore, we obtain p(θ) = ie * h/e, and then θ = sinh
. Using the energy gap ∆ 0 = 2M , we arrive at
This form reflects the relativistic dispersion of solitons in the sine-Gordon theory. Universal formula of the threshold field. -Finally, we combine the above results to obtain the threshold field F th . We can perform the integral in Eq. (2) with Eq. (6) as
ing Eq. (5), we obtain the threshold field as
This is one of our main results in this study. Eq. (7) gives a universal formula applicable to any one-dimensional strongly correlated insulators described by the sineGordon model. This formula also extends the fieldtheoretical description of the equilibrium universality class of one-dimensional insulators to the dielectric breakdown, which is a typical nonequilibrium phenomenon. Furthermore, this formula can be regarded as a manybody generalization of that for band insulators obtained by Zener [3] . Indeed, our formula has a similar form as the threshold field of Landau-Zener formula F LZ th = (∆ LZ /2) 2 /v 0 where a time-dependent two-level system
and the non-adiabatic transition probability is given by p = exp(−πF LZ th /F ) [21, 22] . However, our formula contains remarkable features beyond Landau-Zener formula, reflecting many-body effects. One is that the quantities ∆ 0 and v, which are the many-body energy gap and the velocity of the collective excitations, fully include the many-body effect [40] . The other is the factor e/e * , which corresponds to the inverse of the physical charge of elementary excitations. This indicates that insulators hosting fractional excitations (i.e. e * < e) have a larger threshold field. For example, this effect should appear in CDW insulators hosting domainwall-type excitations with fractional charges [41] [42] [43] .
Applications to integrable lattice models.-Our derivation is based on the low-energy effective field theory and the important relations Eqs. (5) and (6) are closely related to the emergent Lorentz invariance. Therefore, it is unclear whether or not our formula is valid in the original lattice model where the Lorentz invariance is violated.
To clarify to what extent the formula is valid, we apply it to integrable lattice models. We calculate the critical value h c , the energy gap ∆ 0 , the velocity v, and the energy gap under an imaginary vector potential ∆(ih), and then check Eq. (5) and Eq. (6) respectively [44] . We study the Su-Schrieffer-Heeger model,
.}, spinless fermions with a nearest neighbor interaction,
, and the Fermi-Hubbard model,
where c i (c iσ ) denotes an annihilation operator of spinless fermions (fermions with spin σ =↑, ↓) at the i-th site. These models are integrable lattice models and their lowenergy properties are described with the sine-Gordon theory. Each model examplifies a band insulator, a CDW insulator, and a fermionic Mott insulator respectively. The results are shown in Fig. 2 and it is clearly seen that both Eq. (5) and Eq. (6) are valid in a broad range including the weak coupling regime. In the strong coupling regime, the lattice effect becomes significant and the threshold field deviates from our field-theoretical prediction. This implies that the naive application of the Landau-Zener formula to strong coupling regimes gives incorrect predictions.
Discussion.-We have derived an analytic formula of the threshold field of dielectric breakdown in generic onedimensional insulators. While most of previous studies have focused on integrable lattice models (e.g. the Fermi-Hubbard model [4, 8, 11, 27] ]) to obtain an analytic result, our approach does not rely on the integrability, which can be easily broken in realistic situations. Indeed, there are various insulators which cannot be described by an integrable model. One example is a Kondo insulator which is a strongly correlated insulator realized in heavy fermion systems [45] . This insulator is known to be described with a Kondo lattice model which is considered to be non-integrable but described with bosonization techniques [46] [47] [48] [49] . Another example is a bosonic Mott insulator which is realized with ultracold bosonic atoms in optical lattices [50] . Such bosons are described with a Bose-Hubbard model which is also non-integrable but described with the sine-Gordon model via phenomenological bosonization [20, 34] . We note that studies of dielectric breakdown in bosonic Mott insulators based on specific models have been reported [15, 16] , and we would like to stress that our results can potentially explain these results in a unified way.
Summary. -We have investigated the dielectric breakdown in generic strongly correlated insulators. For this purpose, we have constructed an effective field theory based on a theory of quantum tunneling and bosonization techniques and derived the universal formula of threshold fields which is widely applicable to strongly correlated insulators in one dimension. Our important finding is that the formula contains a charge of elementary excitations, which suggests that the dielectric breakdown may provide useful information of fractionalized quasiparticles in interacting systems. Furthermore, to clarify the range where our theory works, we have applied our formula to integrable lattice models and found good agreement with their exact solutions. This supports the validity of our field-theoretical description. We hope that this study provides a step toward understanding universal aspects of nonequilibrium phenomena and nonlinear transport in quantum many-body systems.
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[24] This is valid near the threshold field but enough for our purpose. However, when the field strength is much stronger than the threshold field, the process related to the higher excited states should be dominant and our discussion fails. Indeed, it has been reported that the DDP-formula-based analytical results deviate from the numerical calculation [8, 11] . given by Q phys = −(1/π) dx∂xφ (e.g. [20] ) and thus this is related to the topological charge as Q phys = −2/βQtop. Therefore, the physical charge of a soliton is −e * = −2e/β. Note that e * = 2 √ 2e/β when we use β of the charge sector Hamiltonian of spinful sys-
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S1. DERIVATION OF THE EFFECTIVE ACTION
In this section, we outline the derivation of the effective action (3) in the main text.
Bosonization formula and sine-Gordon model
There is a powerful theoretical tool called bosonization for one-dimensional quantum systems. This enables us to systematically derive low-energy effective field theories and has provided a lot of successful results in one-dimensional quantum many-body problems [20] . Here we use the bosonization techniques to derive an effective field theory from the lattice model (1) in the main text.
The most important relation in bosonization is bosonization formula, which allows us to represent any operators in one-dimensional models with bosonic field operators corresponding to the low-energy excitations. We write down this formula below, following the notation in Giamarchi's textbook [20] . The operator of a spinless fermion c i in a one-dimensional chain with the lattice constant a is written with bosonic fields φ(x) and θ(x) as
where r = R(+1), L(−1) represents a right-mover and a left-mover, U r is a Klein factor expressed in terms of Majorana fermions {U r , U r } = 2δ rr and α denotes a short-range cutoff. For fermions with spins s (=↑, ↓), a fermion operator c is in a one-dimensional chain with the lattice constant a reads
For convenience, we define the charge sector (ρ) and the spin sector (σ) as
It is also possible to obtain a bosonization formula for bosonic systems using phenomenological bosonization [20] . The density operator ρ(x) and an annihilation operator of a boson b i are represented with bosonic fields φ(x) and θ(x) as
Applying the above formulae to the lattice model (1) in the main text with A(t) = 0 and taking a continuum limit (a → 0), we obtain the low-energy effective theory of the lattice model. As mentioned in the main text, the hopping part in Eq. (1) gives a gapless free boson theory and the interaction term in Eq. (1) is typically recast to a cosine term. While it is possible that multiple cosine terms appear depending on the detail of the interaction term, we consider a single cosine term for simplicity. Then, we obtain the following Hamiltonian, called sine-Gordon model,
Here we have defined the conjugate momentum Π = ∇θ(x)/π which satisfies [φ(x), Π(y)] = iδ(x − y). K, v, g and β are model parameters. K is called the Luttinger parameter and v corresponds to the velocity of bosonic excitations. g represents the strength of the interaction inducing the energy gap. Due to the interaction effect represented by the cosine term, K, v and g take renormalized values, whereas β is fixed in each lattice model (1) .
Sine-Gordon model with a real/imaginary vector potential
Next, we introduce the vector potential to the sine-Gordon model. The vector potential provides a shift of the momentum Π as
Indeed, using the bosonization formula [Eq. (S2), (S4), or (S8)], this substitution corresponds to the insertion of the U (1) gauge flux Φ = AL to the system whose size is L, i.e. the twisted boundary condition with the twist angle Φ [20] . Note that, when φ represents the charge sector φ ρ (x), A is replaced by √ 2A due to the factor 1/ √ 2 appearing in the definition of the charge sector [Eq. (S5)]. Introducing the vector potential in this way, the Hamiltonian becomes
where the integration is performed from 0 to L and we consider the thermodynamic limit L → ∞ in the main text. We use the space-time transposition to derive Eq. (5) in the main text. For this purpose, we move to the Lagrangian formulation via the Legendre transformation. Using the Hamiltonian density H defined from H = dxH, the partition function at zero temperature is defined as
, where the integral along the τ -direction is performed from 0 to ∞, and the Lagrangian densityL = −iΠ∂ τ φ+H. The Lagrangian density is rewritten as
Performing the Gaussian integral for the momentum Π, we obtain the new action S satisfying Z = Dφe −S[φ] with S = dxdτ L[φ] and the new Lagrangian density L is written as
Using this Lagrangian density, we obtain the action
Substituting the imaginary vector potential A = ih into this action, we reach the action (3) in the main text.
S2. DETAILS OF THE ANALYSIS OF INTEGRABLE LATTICE MODELS
To show the validity of our formula [Eqs. (5) and (6)] based on the effective field theory, we confirm these equations in the specific integrable lattice models. We treat three models below: 1. Su-Schrieffer-Heeger model, 2. Spinless fermions with nearest-neighbor interaction (equivalent to an XXZ spin chain), 3. Fermi-Hubbard chain.
Su-Schrieffer-Heeger model
Su-Schrieffer-Heeger model is defined as
Using bosonization techniques [20] , we can obtain the bosonized form of the above Hamiltonian
with v = 2at and g = 2δ/α. Examining the cosine term of the model (S16), we find that the parameter β appearing in the main text is equal to 2 and thus −e * = −e, which corresponds to a usual electron excitation. To confirm Eqs. (5) and (6), we calculate the energy gap ∆ 0 , the critical value h c , the velocity v, and the change of the energy gap ∆(ih). Since this model is a model of free fermions, we can easily diagonalize the Hamiltonian and obtain the above quantities.
To obtain the energy gap ∆ 0 , we rewrite the Hamiltonian (S15) in the momentum representation as H SSH (k) = (−2t cos ak)σ x + (2δ sin ak)σ y and diagonalize it.
Then, we obtain the energy eigenvalues as E ± (k, δ) = ±t 2(1 +δ 2 ) + 2(1 −δ 2 ) cos 2ak where we defineδ = δ/t. Using these eigenvalues, the energy gap is calculated as ∆ 0 = E + (±π/(2a), δ) − E − (±π/(2a), δ) = 4δ. Thus, the quantity (e/e * )∆ 0 /(2v) is calculated as e e * · ∆ 0 2v =δ a .
Next, to obtain the critical imaginary vector potential h c and the change of the energy gap ∆(ih), we introduce the imaginary vector potential as k → k − ih and then the energy eigenvalues become E ± (k, δ, h) = ±t 2(1 +δ 2 ) + 2(1 −δ 2 )(cosh 2ah cos 2ak + i sinh 2ah sin 2ak).
The critical value is obtained from the condition of E + (±π/(2a), δ, h c ) − E − (±π/(2a), δ, h c ) = 0 and then we obtain the critical value h c as h c = 1 2a arcosh 1 +δ
∆(ih) = E + (±π/2, δ, h) − E − (±π/2, δ, h) is obtained as
As shown in Figs. 2 (a-1) and (a-2) in the main text, the above quantities show a good agreement with Eqs. (5) and (6) in a broad range from the weak coupling regime whereδ is small. Furthermore, it can be checked analytically within the weak coupling approximation (δ 1). For Eq. (5), using the relation
we take terms up to the first order inδ and then arrive at h c =δ/a = (e/e * )∆ 0 /(2v). This is nothing but Eq. (5). As for Eq. (6), focusing on the small-h regime and using cosh 2ah ∼ 1 + 2(ah) 2 , we can obtain ∆(ih) ∼ 4t δ2 − (ah) 2 +δ 2 (ah) 2 ∼ 4t δ2 − (ah) 2 = ∆ 0 1 − (ah/δ) 2 ∼ ∆ 0 1 − (h/h c ) 2 . Then, we analytically derive Eq. (6) within the weak-coupling approximation.
where κ(h) is defined from the following relation:
As shown in Figs. 2 (c-1) and (c-2) in the main text, these quantities ∆ 0 , v, h c , and ∆(ih) satisfy the relations (5) and (6) in a broad range including the weak coupling regime (i.e. small U/t).
